A Lie 2-group G is a category internal to the category of Lie groups. Consequently it is a monoidal category and a Lie groupoid. The Lie groupoid structure on G gives rise to the Lie 2-algebra X(G) of multiplicative vector fields, see [1] . The monoidal structure on G gives rise to a left action of the 2-group G on the Lie groupoid G, hence to an action of G on the Lie 2-algebra X(G). As a result we get the Lie 2-algebra X(G) G of left-invariant multiplicative vector fields.
Introduction
Recall that a strict Lie 2-group G is a category internal to the category LieGp of Lie groups. Thus G is a category whose collection of objects is a Lie group G 0 , the collection of morphisms is a Lie group G 1 and all the structure maps: source s, target t, unit 1 : G 0 → G 1 and composition * : G 1 × s,G 0 ,t G 1 → G 1 are maps of Lie groups. There is a well-known functor Lie : LieGp → LieAlg from the category of Lie groups to the category of Lie algebras. The functor Lie assigns to a Lie group H its tangent space at the identity h = T e H. The Lie bracket on h is defined by the identification of T e H with the Lie algebra of left-invariant vector fields on the Lie group H. To a map f : H → L of Lie groups the functor Lie assigns the differential T e f : T e H → T e L, which happens to be a Lie algebra map. Consequently given a Lie 2-group G = {G 1 ⇒ G 0 } we can apply the functor Lie to all the structure maps of G and obtain a (strict) Lie 2-algebra g = {g 1 ⇒ g 0 }.
On the other hand, any Lie 2-group is a Lie groupoid. As was shown by Hepworth in [2] any Lie groupoid K possesses a category X(K) of vector fields. The objects of this category are multiplicative vector fields of Mackenzie and Xu [4] . Multiplicative vector fields on a Lie groupoid naturally form a Lie algebra. It was shown in [1] that the space of morphisms of X(K) is a Lie algebra as well, and moreover X(K) is a strict Lie 2-algebra. One may expect that for a Lie 2-group G one can define the Lie 2-algebra X(G) G of left-invariant vector fields on G and that this Lie 2-algebra is isomorphic to the Lie 2-algebra g. But what does mean for a Lie 2-group to act on a Lie 2-algebra?
Next recall that there is a tangent (2-)functor T : LieGpd → LieGpd from the category of Lie groupoids to itself. This functor is an extension of the tangent functor T : Man → Man on the category of manifolds. On objects T assigns to a Lie groupoid K its tangent groupoid T K. On morphisms T assigns to a functor f : K → K ′ the derivative T f : T K → T K ′ . To a natural transformation α : f ⇒ f ′ between two functors f, f ′ : K → K ′ the functor T assigns the derivative T α (note that α is a smooth map α : K 0 → K ′ 1 , so T α : T K 0 → T K ′ 1 makes sense). Note also that the projection functors π K : T K → K assemble into a (2-)natural transformation π : T ⇒ id LieGpd .
Given an object x of G there is a functor λ(x) : X(G) → X(G) (see Lemma 3.12 and the discussion right after it). The value of this functor on a morphism α : v ⇒ w of X(G) is the composite
That is, The main result of the paper may be stated as follows.
Theorem 1.1. Let G be a (strict) Lie 2-group, g its Lie 2-algebra obtained by applying the Lie functor to its structure maps, X(G) the Lie 2-algebra of multiplicative vector fields, and λ : G → GL(X(G)) the representation of G on the 2-vector space X(G) which arises from the left multiplication as described above. There is a natural 1-morphism p : g → X(G) of Lie 2-algebras which is fully faithful and injective on objects. Hence the image p(g) of the functor p is a full Lie 2-subalgebra of X(G). Moreover the inclusion p(g) ֒ i − − → X(G) is the strict conical 2-limit of the functor λ : G → GL(X(G)). Hence the Lie 2-algebra g is isomorphic to the Lie 2-algebra X(G) G := lim(λ : G → GL(X(G))) of left-invariant vector fields on the Lie 2-group G.
Outline of the paper. In Section 2 we fix our notation, which unfortunately is considerable. We recall the definitions of Lie 2-groups, Lie 2-algebras and 2-vector spaces. We then recall the interaction of composition and multiplications in a Lie 2-group and the fact that any Lie 2-group is a Lie groupoid. We discuss the category of vector fields X(K) on a Lie groupoid K and the fact that this category is naturally a Lie 2-algebra. In particular we discuss the origin of the Lie bracket on the space of morphisms of X(K).
In Section 3 we discuss the 2-group of automorphisms of a category. We define an action of a 2-group on a category and express the action in terms of a 1-morphism of 2-groups. We show that the multiplication of a Lie 2-group G leads to an action L : G → Aut(G) of the group on itself by smooth (internal) functors and natural isomorphisms. We show that an action of a Lie 2-group G on a Lie groupoid K by smooth (internal) functor and natural isomorphisms leads to a representation of G on the on the 2-vector space X(K) of vector fields on K. In particular left multiplication L : G → Aut(G) leads to a representation λ : G → GL(X(G)) of a Lie 2-group G on its 2-vector space of vector fields. Various results of this section may well be known to experts. I don't know of suitable references.
In Section 4 for a Lie 2-group G we construct 1-morphism of Lie 2-algebras p : g → X(G) which is fully faithful and injective on objects. Consequently the image p(g) is a full Lie 2-subalgebra of the Lie 2-algebra of vector fields X(G).
Finally in Section 5 we show that the inclusion i : p(g) ֒→ X(G) is a strict conical 2-limit of the left regular representation λ : G → GL(X(G)).
Acknowledgments. The paper is part of a joint project with Dan Berwick-Evans. I am grateful to Dan for many fruitful discussions.
Background and notation
Notation 2.1. Given a natural transformation α : f ⇒ g between a pair of functors f, g : A → B we denote the component of α at an object a of A either as α a or as α(a), depending on readability.
Notation 2.2. Given a category C we denote its collection of objects by C 0 and its collection of morphisms by C 1 . The source and target maps of the category C are denoted by s, t : C 1 → C 0 , respectively. The unit map from objects to morphisms is denoted by 1 :
to denote composition in the category C. Here and elsewhere
denotes the fiber product of the maps s : C 1 → C 0 and t : C 1 → C 0 .
In this paper there are many Lie 2-algebras, compositions and multiplications. For the reader's convenience we summarize our notation below. Some of the notation has already been introduced above. The explanation of the rest follows the summary.
Summary of notation.
The source and target maps of a category C. * :
The composition map of a category C.
The unit map of a category C.
gαf the whiskering of a natural transformation α : k ⇒ h by functors g and f :
a Lie 2-group with the Lie group G 0 of objects and G 1 of morphisms.
e 0 ∈ G 0 , e 1 ∈ G 1 the multiplicative identities in the Lie groups G 0 and G 1 respectively. g = {g 1 ⇒ g 0 } the Lie 2-algebra of a Lie 2-group G obtained by applying the Lie functor to the objects, morphisms and the structure maps of G:
L (G) the Lie 2-algebra of a Lie 2-group G whose objects are the left-invariant vector fields on the Lie group G 0 and morphisms are the left-invariant vector fields on the Lie group G 1 . It is isomorphic to g.
X (M ) the Lie algebra of vector fields on a manifold M .
· or m the multiplication of the Lie 2-group G. We may view m as a functor. It has components m 1 :
We may abbreviate m 1 and m 0 as m.
the composition in the tangent groupoid T K of a Lie groupoid K; it is the derivative of the composition * :
X(K)
the Lie 2-algebra of vector fields on a Lie groupoid K or the 2-vector space underlying the Lie 2-algebra. In this paper we only consider strict Lie 2-groups: Thus a Lie 2-group G has a Lie group G 0 of objects, a Lie group G 1 of morphisms and all the structure maps: source s : G 1 → G 0 , target t : G 1 → G 0 , unit 1 : G 0 → G 1 and composition * : G 1 × s,G 0 ,t G 1 → G 1 are maps of Lie groups (the Lie group structure on G 2 := G 1 × s,G 0 ,t G 1 → G 1 is discussed below). We denote the multiplicative identity of the group G 0 by e 0 . Since 1 : G 0 → G 1 is a map of Lie groups, the multiplicative identity e 1 of G 1 satisfies
We denote the Lie group multiplications on G 1 and G 0 by m 1 and m 0 respectively. Since the category of Lie groups has transverse fiber products, the fiber product G 2 = G 1 × s,G 0 ,t G 1 → G 1 is a Lie group. We denote the multiplication on this group by m 2 . If we identify G 2 with the Lie subgroup of G 1 × G 1 :
, then the multiplication m 2 is given by the formula
Alternatively, using the infix notation · for the multiplications the formula above amounts to
The following lemma is well-known to experts and is easy to prove. None the less it is crucial for many computations in the paper.
Proof. Since the composition * :
On the other hand (σ 2 , σ 1 ) · (γ 2 , γ 1 ) = (σ 2 · γ 2 , σ 1 · γ 1 ) (2.3) while ( * (σ 2 , σ 1 )) · ( * (γ 2 , γ 1 )) ≡ (σ 2 * σ 1 ) · (γ 2 * γ 1 ) (2.4) when we switch from the prefix to infix notation. Similarly, * (σ 2 · γ 2 , σ 1 · γ 1 ) ≡ (σ 2 · γ 2 ) * (σ 1 · γ 1 ).
(2.5) Therefore (σ 2 · γ 2 ) * (σ 1 · γ 1 ) = (σ 2 * σ 1 ) · (γ 2 * γ 1 ).
Proof. Omitted.
Equation (2.1) also implies that the multiplication functor m : G × G → G and the composition homomorphism * : G 1 × G 0 G 1 → G 1 in a Lie 2-group G are closely related. In fact they determine each other [5] . For the convenience of the reader we recall a proof that the multiplication functor m determines the composition homomorphism * : 
Here as before s, t : G 1 → G 0 are the source and target maps, 1 b −1 denotes the unit arrow at the object b −1 of G and · stands for the multiplication m 1 on the space of arrows G 1 of the Lie 2-group G.
Proof. We follow the proof in [5, p. 186 ]. Note that since 1 :
Lemma 2.6 has a well-known corollary: any Lie 2-group is a Lie groupoid. In fact we can be more precise:
as a category internal to the category of manifolds to the action groupoid
We next recall the definitions of Lie 2-algebras and of 2-vector spaces. There is an evident forgetful functor U : Lie2Alg → 2Vect. We will suppress this functor in our notation and will use the same symbol for a Lie 2-algebra and its image under the functor U , that is, its underlying 2-vector space.
2.1. The Lie 2-algebra X(K) of multiplicative vector fields on a Lie groupoid K.
In this subsection we recall some of the results of [1] . We start by recalling the definition of the category of multiplicative vector fields X(K) on a Lie groupoid K, which is due to Hepworth [2] .
A morphism (or an arrow) from a multiplicative vector field v to a multiplicative vector field w is a natural transformation α : v ⇒ w so that π K (α(x)) = 1 x for any object x of the groupoid K.
Multiplicative vector fields and morphisms between them are easily seen to form a category: the composite of two morphisms α : v ⇒ w and β : w ⇒ u is the natural transformation β • v α, where • v denotes the vertical composition of natural transformations. That is, for any object
where as before ⋆ :
It is not hard to see that the collection X(K) 0 multiplicative vector fields form a vector space [4] . It is a little harder to see that X(K) 0 is a Lie algebra (op. cit.). However, the Lie bracket on X(K) 0 is easy to describe. A multiplicative vector field u : K → T K is a pair of ordinary vector fields:
The bracket on X(K) 0 is defined by
To see that the definition makes sense one checks that (
The space of arrows X(K) 1 is a Lie algebra as well and the structure maps of the category X(K) are Lie algebra maps [1] . In other words the category X(K) underlies a Lie 2-algebra.
The bracket on the elements of X(K) 1 ultimately comes from the Lie bracket on the vector fields on the manifold K 1 [1] . In more detail, write an arrow α ∈ X(K) 1 as
where ½ : X(K) 0 → X(K) 1 is the unit map and × : X(K) 1 → X(K) 0 is the source map of the category X(K). Recall that for a multiplicative vector field X, the morphism ½ X : X ⇒ X is defined by
for all x ∈ K 0 , where on the right hand side s : K 1 → K 0 is, as before, the source map for the Lie groupoid K. Then
Recall that the Lie bracket on the space of sections Γ(A K ) of the Lie algebroid A K is constructed by embedding Γ(A K ) into the space of vector fields on K 1 as right-invariant vector fields. That is, one constructs a map j :
for all γ ∈ K 1 . The map R γ : s −1 (t(γ)) → K 1 is defined by composition with γ on the right:
We now recall the construction of a Lie algebra structure on the space X(K) 1 (see [1] where the details of the construction are phrased somewhat differently). Define
The map J is injective. So for α, β ∈ X(K) 1 we can (and do) define the Lie bracket [α, β] to be the unique element of
One checks that the category X(K) of multiplicative vector fields with the Lie algebra structures on the spaces of objects and morphisms does form a Lie 2-algebra; see [1] .
Actions and representations of Lie 2-groups
The goal of this section is to construct a representation λ : G → GL(X(G)) of a Lie group G on its 2-vector space X(G) of vector fields induced by the action of G on itself by left multiplication. This is the representation briefly described in the introduction. We start by recalling some well-known material about actions of Lie 2-groups. Recall that 2-group is a category internal to the category of groups.
Definition 3.1 (the 2-group Aut(K)). Let K be a Lie groupoid. The 2-group Aut(K) of automorphisms of K is defined as follows.
The group of objects Aut(K) 0 consists of strictly invertible smooth (i.e., internal) functors f : K → K. The group operation on Aut(K) 0 is the composition of functors. The group of morphisms Aut(K) 1 is the group of (smooth) natural isomorphisms under vertical composition. The composition homomorphism * : Aut(K) 1 × Aut(K) 0 Aut(K) 1 → Aut(K) 1 is the horizontal composition of natural isomorphisms. There are also evident source, target and unit maps:
the unit arrow on the object f (x) of K.
commute. Here as before m : G × G → G is the multiplication functor. The functor e × id K is defined by (e× id K ) (σ) = (e 1 , σ) for all arrows σ of K, where as before e 1 ∈ G 1 is the multiplicative identity.
Notation 3.3. Given an action a : G × K → K a Lie 2-group G on a Lie groupoid K it will be convenient at times to abbreviate a(x, b) as x · b for any two objects x of G and b of K. Similarly we abbreviate a(γ, σ) as γ · σ for arrows γ of G and σ of K.
Remark 3.4. In the notation above the fact that a : G × K → K preserves the composition of arrows translates into (1)â is a functor, Proof of Lemma 3.5. Since a : G × K → K is a functor, for any two composable arrows σ 2 , σ 1 in K and for any object x of G a(1 x , σ 2 * σ 1 ) = a((1 x , σ 2 ) * (1 x , σ 1 )) = a(1 x , σ 2 ) * a(1 x , σ 1 ).
We also have a(1 x , σ 2 * σ 1 ) = a((1 x , σ 2 ) * (1 x , σ 1 )) and a(1
. We conclude thatâ(x) is a functor for all objects x of the 2-group G.
To check that for an arrow x γ − → y in G,â(γ) is a natural transformation from the functorâ(x) to the functorâ(y) we need to check that for any arrow b
as well. Hence (3.4) holds andâ(γ) is a natural transformation. Since K is a groupoidâ(γ) is a natural isomorphism.
It is easy to see thatâ(e 0 ) is the identity functor id K and thatâ(e 1 ) is the identity natural isomorphism 1 id K .
To prove thatâ is a homomorphism of 2-groups it remains to check that
for all arrows γ 2 , γ 1 of G. This is a computation. Fix an object a of K. Then Proof. The homomorphism T ρ is obtained by composing the functor ρ with the tangent 2-functor T : LieGpd → LieGpd.
Notation 3.10. We denote the 2-vector space underlying the Lie 2-algebra of vector fields on a Lie groupoid K by the same symbol X(K). Proof. As a first step given an object x of G we would like to define a functor Φ(x) : X(K) → X(K) by setting
for all arrows v α ⇒ w in the 2-vector space X(K). An object of X(K) is a functor v :
Hence Φ(x)v is an object of X(K) for all x ∈ G 0 and all v ∈ X(K) 0 . An arrow in X(K) from an object v to an object w is a natural transformation α : v ⇒ w with πα = 1 id K . Now since Φ(x)α is obtained from a natural transformation α by whiskering with functors (namely Φ(x)α = T ϕ(x)αϕ(x −1 )), Φ(x)α is a natural transformation from Φ(x)v to Φ(x)w. Additionally
Hence Φ(x)α is an arrow in the 2-vector space X(K). Finally the purported functor Φ(x) preserves composition of arrows because whiskering by functors commutes with the vertical composition of natural transformations. We conclude that Φ(x) : X(K) → X(K) is a well-defined functor.
Since the components T ϕ(x) 0 : T K 0 → T K 0 and T ϕ 1 : T K 1 → T K 1 are fiberwise linear, for any scalars c, d ∈ R and any two multiplicative vector fields v, w :
Similarly for any two arrows α 1 : v 1 ⇒ w 1 , α 2 : v 2 ⇒ w 2 , any two scalars c 1 , c 2 ∈ R and any object a of K
We conclude that Φ(x) is a 1-morphism of 2-vector spaces.
Given an arrow x γ ← − y in G we would like to define a natural transformation Φ(γ) : Φ(x) ⇒ Φ(y) by setting
for all multiplicative vector fields v :
We conclude that for any multiplicative vector field v the natural transformation Φ(γ)v is an arrow in the 2-vector space X(K).
It is easy to check that Φ(γ) : X(K) 0 → X(K) 1 is linear. We now check that Φ(γ) is an actual natural transformation from Φ(x) to Φ(y). That is, we check that for any arrow v
commutes in the category X(K). By definition the composition of the arrows Φ(γ)w and Φ(x)α is the vertical composition of the diagrams
as well. Therefore Φ(γ) : Φ(x) ⇒ Φ(y) is a 2-morphism of 2-vector spaces.
We finish the proof by checking that Φ is a homomorphism of 2-groups. Clearly Φ(e 0 ) = id X(K) and Φ(1 e 0 ) = 1 id X(K) . For any two objects x 2 , x 1 of G ϕ(x 2 · x 1 ) = ϕ(x 2 ) • ϕ(x 1 ) and T ϕ(x 2 · x 1 ) = T ϕ(x 2 ) • T ϕ(x 1 ) Consequently for any multiplicative vector field v
Checking that Φ(γ 2 · γ 1 ) = Φ(γ 2 ) • hor Φ(γ 1 ) is a bit more involved. Note first that
Recall that the arrows in the category GL(X(K)) are natural isomorphisms, and that the composition of arrows in GL(X(K)) is the vertical composition. Hence by Remark 3.7 for any object u of X(K),
We conclude that Φ(γ 2 · γ 1 ) = Φ(γ 2 ) • hor Φ(γ 1 ) for all arrows γ 2 , γ 1 of the Lie 2-group G. It now follows that Φ : G → GL(X(K)) is a homomorphism of 2-groups.
We are now in position to construct the representation λ : G → GL(X(G)) of a Lie 2-group G on its 2-vector space X(G) of vector fields coming from the multiplication on the left. 
Here as before L : G → Aut(G) is the homomorphism of 2-groups induced by multiplication on the left. For each arrow
for all objects v of the 2-vector space X(G).
Proof. by Corollary 3.8 multiplication on G gives rise to a homomorphism of 2-groups L : G → Aut(G). By Lemma 3.12 the homomorphism L gives rise to the homomorphism λ : G → GL(X(G)).
A map of Lie 2-algebras p : g → X(G)
Recall that to a Lie 2-group G = {G 1 ⇒ G 0 } one can associate a Lie 2-algebra g = {g 1 ⇒ g 0 } by applying the Lie functor to the Lie group G 0 of objects, the Lie group G 1 of morphisms and to the structure maps of G. That is, g 0 = T e 0 G 0 , g 1 = T e 1 G 1 and so on. In this section we prove: Theorem 4.1. Let G be a Lie 2-group and g the associated Lie 2-algebra There is a morphism of Lie 2-algebras p : g → X(G) from the Lie 2-algebra g to the Lie 2-algebra of multiplicative vector fields X(G). Moreover the functor p is injective on objects and fully faithful.
The theorem has an immediate corollary: Similarly given a Lie 2-group G we define the Lie 2-algebra L (G) as follows. We define the Lie algebra of objects L (G) 0 of L (G) to be the Lie algebra of left-invariant vector fields X (G 0 ) G 0 on the Lie group G 0 . We define the Lie algebra of morphisms L (G) 1 to be the Lie algebra X (G 1 ) G 1 of left-invariant vector fields on the Lie group G 1 . The source map s : L (G) 1 → L (G) 0 is defined by setting the source of a vector field α ∈ L (G) 1 to be the unique left-invariant vector field v ∈ L (G) 0 which is s : G 1 → G 0 related to α. The target map t : L (G) 1 → L (G) 0 is defined similarly. The unit map 1 : L (G) 0 → L (G) 1 is defined by setting 1 u to be the unique left-invariant vector field on G 1 which is 1 :
is defined pointwise; it is induced by the composition There is an evident functor ℓ : g → L (G).
which sends a vector v ∈ g 0 = T e 0 G 0 to the corresponding left-invariant vector field ℓ(v) on the Lie group G 0 and an arrow α : v → w ∈ g 1 = T e 1 G 1 to the corresponding left-invariant vector field ℓ(α) on the Lie group G 1 . By definition of the Lie brackets on g 0 and on g 1 the maps ℓ : g 0 → L (G) 0 , ℓ : g 1 → L (G) 1 are Lie algebra maps. On the other hand ℓ is also an isomorphism of categoriesits inverse is given by evaluation at the identities:
We next construct a functor q : L (G) → X(G). Given a left-invariant vector field u on the Lie group G 0 we define a multiplicative vector field q(u) as follows. We take the object part q(u) 0 : G 0 → T G 0 to be u: q(u) 0 := u.
(4.1)
We define q(u) 1 :
for all γ ∈ G 1 . Here and elsewhere in the paper L γ : G 1 → G 1 is the left multiplication by γ and T L γ : T G 1 → T G 1 is its derivative. It is clear that both q(u) 0 and q(u) 1 are vector fields. It is less clear that q(u) : G → T G is a functor. 
Here as before * is the composition in the Lie groupoid G and ⋆ is the composition in the tangent groupoid T G. for all γ, σ ∈ G 1 , X ∈ T σ G 1 . Note also that since the composition ⋆ = T * :
Proof of Lemma 4.3. Recall that the tangent functor T : Man → Man extends to a 2-functor T : LieGpd → LieGpd on the 2-category of Lie groupoids. As a special case (any Lie group is a Lie groupoid with one object) the functor T induces a functor on the category LieGp of Lie groups. Consequently for a Lie 2-group G its tangent groupoid T G is a Lie 2-group as well. The unit map of the groupoid T G is the derivative T 1 of the unit map 1 : G 0 → G 1 . The interchange law (see Lemma 2.4) in the case of T G reads:
for all composable pairs (µ 2 , µ 1 ), (ν 2 , ν 1 ) ∈ T G 1 × T G 0 T G 1 . Now take ν 2 = ν 1 = T 1(u(e 0 )) which we abbreviate as 1. Then (4.4) reads:
T m((µ 2 ⋆ µ 1 ), (1 ⋆ 1)) = (T m(µ 2 , 1)) ⋆ (T m(µ 1 , 1)). Therefore
It is easy to see that T s • q(u) 1 
We conclude that q(u) = (q(u) 0 , q(u) 1 ) : G → T G is a multiplicative vector field for any left-invariant vector field u on the Lie group G 0 . We thus have constructed the functor q on objects.
An arrow v α − → u in L (G) is a vector field α : G 1 → T G 1 which is source map s related to v and target map t related to u. Define q(α) :
where as before 1 : G 0 → G 1 is the unit map. We need to check that q(α) is an arrow in the category X(G) from q(v) to q(u). That is, we need to check that q(α) is a natural transformation from q(v) to q(u) with π G (q(α) (x)) = 1 x (4.7)
for all x ∈ G 0 . Checking that (4.7) holds is easy. Since α is a vector field on G 1 ,
for all γ ∈ G 1 . In particular π G 1 (α(1 x )) = 1 x for all x ∈ G 0 , which implies (4.7). We now check that q(α) is in fact a natural transformation from the functor q(v) to the functor q(u). Since α is s-related to v T s(q(α) (x)) = T s(α(1 x )) = v 0 (s(1 x )) = v 0 (x) for all x ∈ G 0 . Since q(v) 0 = v 0 it follows that the source of the putative natural transformation q(α) : G 0 → T G 1 is q(v). Similarly the target of q(α) is q(u). It remains to check that q(α) is actually a natural transformation: that is, for any arrow x γ − → y in G, the diagram
G G commutes in the category T G, i.e., Similarly q(α)(x) = T m((1 x , 0), (1 e 0 , α(1 e 0 ))).
On the other hand, q(v)(γ) = T L γ (1 v 0 (e 0 ) ) = T m((γ, 0), (1 e 0 , 1 v 0 (e 0 ) )).
Similarly, q(u)(γ) = T m((γ, 0), (1 e 0 , 1 u 0 (e 0 ) )). Now q(α)(y) ⋆ p(v)(γ) = T m((1 y , 0), (1 e 0 , α(1 e 0 ))) ⋆ T m((γ, 0), ((1 e 0 , v 1 (1 e 0 ))) = T m((1 y , 0) ⋆ (γ, 0), (1 e 0 , α(1 e 0 )) ⋆ (1 e 0 , 1 v 0 (e 0 ) )) = T m((1 y * γ, 0), (1 e 0 , α(1 e 0 ))) = T m((γ, 0), (1 e 0 , α(1 e 0 ))).
Similarly,
= T m((γ, 0), (1 e 0 , α(1 e 0 ))).
It follows that (4.8) holds. Hence q(α) is an arrow in X(G) from q(v) to q(u). It is not hard to check that the map q : L (G) → X(G) constructed above is in fact a functor. We need to check that q is a map of Lie 2-algebras. For this it suffices to check that q 0 : L (G) 0 → X(G) 0 and q 1 : L (G) 1 → X(G) 1 are Lie algebra maps.
Recall that the Lie bracket of two multiplicative vector fields X = (X 0 ,
It follow from the definition of the functor q on objects that for any two vector fields u, v ∈ L (G) 0 (i) [q(u) 0 , q(v) 0 ] = q([u, v]) 0 and (ii) q([u, v]) 1 is the unique left-invariant vector field on G 1 which is 1-related to [u, v] . Hence
We conclude that q : L (G) 0 → X(G) 0 is a map of Lie algebras. We next check that q : L (G) 1 → X(G) 1 is also a map of Lie algebras. Recall the construction of a Lie algebra structure on the space X(G) 1 starts with the injective linear map j : Γ(A G ) → X (K 1 ) that maps the section of the Lie algebroid A G → G 0 to the corresponding right-invariant vector field (see (2.6)). We then embed X(G) 1 into the space of vector fields X (G 1 ) by the map J (see (2.7)) and give X(G) 1 the induced Lie algebra structure: for α, β ∈ X(G) 1 Hence q : L (p) 1 → X(G) 1 is a Lie algebra map.
Proof. Since G is a Lie 2-group, for any (σ, γ)
by Lemma 2.6. Therefore for any curve σ(τ ) in G 1 lying entirely in a fiber of the source map s :
It follows that for any section ζ ∈ Γ(A G ) of the algebroid, j(ζ) ∈ X (G 1 ) is given by
Now, for any arrow α :
Hence for any arrow y
( by (4.9) and left-invariance of q(u) 1 )
where the last equality holds since 1 : We conclude that the functor q : L (G) → X(G) from the category L (G) of left-invariant vector fields on the Lie 2-group G to the category X(G) of multiplicative vector fields on the Lie groupoid G is a 1-morphism of Lie 2-algebras. By construction q is fully faithful and is injective on objects. We now define p : g → X(G) to be the composite
By construction p is fully faithful and injective on objects.
Universal properties of the inclusion i : p(g) ֒→ X(G)
As before G denotes a Lie 2-group and X(G) the Lie 2-algebra of multiplicative vector fields on the Lie groupoid G. 
As before L σ : G 1 → G 1 denotes the multiplication on the left by σ ∈ G 1 and λ : G → GL(X(G)) is the action of G on its vector fields induced by left multiplication (see Lemma 3.13).
Proof. The proof is a computation.
Recall that for an arrow x γ − → y ∈ G 1 the u-component of the natural transformation λ(γ) : λ(x) ⇒ λ(y) is defined to be the composite
Hence for any object z ∈ G 0
where ⋆ is the composition in the Lie groupoid T G. For any tangent vectorȧ ∈ T a G 0 T L γ (a,ȧ) = T m((γ, 0), (1 a , T 1(ȧ))) Hence (T L γ ) (u 0 • L y −1 )(z) = T m((γ, 0), (1 y −1 z , T 1 u 1 (1 y −1 z ))). For any tangent vectorσ ∈ T σ G 1 T L x (σ,σ) = T m((1 x , 0), (σ,σ)).
Hence
(T L x )(u 1 (L γ −1 (z)) = T m((1 x , 0), (γ −1 1 z , u 1 γ −1 1 z )). Recall that since T m : T G × T G → T G is a functor, for any two pairs of composable arrows
where, as before L γ : G 1 → G 1 is the left multiplication by γ and T L γ : T G 1 → T G 1 is its derivative. Therefore (λ(γ)(u)) (z) = T L γ (u 1 (L γ −1 1 z )).
Since the z component of 1 u : u ⇒ u is T 1(u 0 (z)) and since T 1(u 0 (z)) = u 1 (1 z ) (because u : G → T G is a functor), the result now follows:
Theorem 5.2. Let G be a Lie 2-group, g the associated tangent Lie 2-algebra, p : g → X(G) is the map of 2-vector spaces constructed in Theorem 4.1, i : p(g) ֒→ X(G) the inclusion of 2-vector spaces and λ : G → Aut(X(G)) is the action of the Lie 2-group G on its Lie 2-algebra of multiplicative vector fields by left multiplication (see Lemma 3.13 ).
(1) The diagram p(g)
commutes for any choice of arrow x γ − → y ∈ G 1 . That is,
for all x ∈ G 0 and λ(γ)i = 1 i for all γ ∈ G 1 (here λ(γ)i is the whiskering of the natural transformation λ(γ) by the functor i). commutes for all choices of arrows x γ − → y ∈ G 1 there exists a unique map of 2-vector spaces ψ : h → p(g) so that ψ = i •ψ. In other words i : p(g) → X(G) is a (strict conical) limit of the functor λ : G → GL(X(G)).
Proof. We argue first Thus (5.5) implies that u 0 and u 1 are both left-invariant. Moreover, since u is multiplicative and e 1 = 1(e 0 ), u 1 (e 1 ) = T 1u 0 (e 0 ). Hence (5.5) implies (5.6). Conversely, suppose (u 0 , u 1 ) = p(a) for some a ∈ g 0 . By construction of the functor p, a = u 0 (e 0 ). Moreover u 1 is a left-invariant vector field on G 1 with u 1 (e 1 ) = T 1(u 0 (e 0 )). Hence equation (5.2) hold for all z ∈ G 0 and all γ ∈ G 1 , which implies that λ(γ)u = 1 u for all γ ∈ G 1 . It also implies that
for all x ∈ G 1 . On the other hand, by construction of the functor p the vector field u 0 on G 0 is left-invariant. Hence T L x • u 0 • L x −1 = u 0 (5.10) for all x ∈ G 0 . Therefore λ(x)u = u for all x ∈ G 0 . We conclude that if u = p(a) then (5.5) holds. This finishes our proof of (i).
Proof of (ii). By definition of the functor λ(x), where as before L 1z is left multiplication by 1 z ∈ G 1 . Thus if λ(x)α = α then α(x) = T L 1x (α(e 0 )) Hence (5.7) implies (5.8) .
Conversely, if α = p(b) for some b ∈ g 1 then α(x) = T L 1x b for all x ∈ G 0 and α(e 0 ) = T L 1e 0 b = b. This finishes our proof of (ii).
The proof of part (1) of the theorem is now easy. By (i), for any object a ∈ g 0 , and any object x ∈ G 0 , λ(x)(p(a)) = p(a). By (ii), for any object b ∈ g 1 and any arrow γ ∈ G 1 λ(γ)(p(b)) = p(b). Consequently by (i) ψ(X) = p(ψ(X)(e 0 )). The commutativity of (5.4) also implies that λ(x)(ψ(Y )) = ψ(Y ) for all x ∈ G 0 for any arrow Y in h. Then by (ii) ψ(Y ) = p(ψ(Y ) (e 0 )).
We conclude that the image of ψ : h → X(G) is contained in p(g) and the result follows.
We are now in position to prove our main result by putting together all the work we have already done.
Proof of Theorem 1.1. By Lemma 3.13 the action of the Lie 2-group G on itself by multiplication on the left gives rise to a homomorphism of 2-groups λ : G → GL(X(G)). By Theorem 4.1 we have a 1-morphism of Lie 2-algebras p : g → X(G) which is fully faithful and injective on objects. In particular p : g → p(g) is an isomorphism of Lie 2-groups.
